Abstract -We investigate the Scheme programming language opportunities to analytically calculate the Clebsch-Gordan coefficients, Wigner 6 j and 9 j symbols, and general recoupling coefficients that are used in the quantum theory of angular momentum. The considered coefficients are calculated by a direct evaluation of the sum formulas. The calculation results for large values of quantum angular momenta were compared with analogous calculations with FORTRAN and Java programming languages.
INTRODUCTION
The accurate and fast calculation of the angular momentum coupling and recoupling coefficients is required in various branches of quantum many-particle physics. Among the most frequently used quantities of the quantum theory of the angular momentum are the Clebsch-Gordan coefficients, Wigner n -j symbols, and general angular momentum recoupling coefficients [1] . Since the formulas for the angular momentum group coefficients include an alternating sum, the derivation of acceptable, accurate values using floating-point calculations can sometimes be challenging, especially when the angular momentum arguments are large. On the other hand, the analytical calculations (typically slower) can produce the exact values for arbitrary large angular momenta. A number of papers have been published on this topic recently. Stevenson [2] presented the Java Applets to analytically calculate the ClebschGordan coefficients, 3 j , 6 j , and 9 j symbols. Wei [3] has developed the FORTRAN implementation of a suite of programs to calculate exactly the 3 j , 6 j , and 9 j symbols. Fritzsche implemented graphical rules to generate the sum formula expressing the recoupling coefficient as a sum of products of the Wigner 6 j and/or 9 j symbols multiplied by phase and square root factors within the framework of MAPLE [4] .
In the present paper, we investigate the Scheme programming language opportunities to analytically calculate the Clebsch-Gordan coefficients, 6 j and 9 j symbols, and general recoupling coefficients comparing to analogous calculations with FORTRAN and Java programming languages. Since the angular momentum coupling and recoupling are the orthogonal transformations, a precise arithmetic can be applied. Instead of calculations with real numbers, which are connected with serious numerical instabilities, the calculations were performed with numbers represented in the root rational fraction form /( ), where a , b , c , and d are integers. The Scheme programming language has the built-in functions for exact calculations with extremely large numbers, such as addition, subtraction, multiplication, division, and gcd . On the basis of these Scheme built-in functions we have developed the computational procedures for a precise arithmetic with our root rational fraction expression of numbers.
ANALYTICAL EXPRESSIONS FOR ANGULAR MOMENTUM COEFFICIENTS
A common algebraic expression for the ClebschGordan coefficient describing the coupling of the angular momenta j 1 and j 2 with projections m 1 and m 2 , respectively, to the total angular momentum j with projection m is [1] (1) 
that can be utilized in checking the computed ClebschGordan coefficients.
The algebraic expression for the Wigner 6 j symbol can be presented as follows [5] : (5) where As in the case of Clebsch-Gordan coefficient expansion, the sum in the 6 j symbol runs over such values that the arguments of the factorials in the sum are not negative. The orthogonality condition for the Wigner 6 j symbols reads [5] (6)
In the case of the Wigner 9j symbol, we employ the following sum of products of the Wigner 6j symbols [5]: (7) The orthogonality condition for the Wigner 9j symbols is [5] (8)
The general angular momentum recoupling coefficients usually describe the transformation between two different coupling schemes of the angular momenta of subsystems. It is well known that the general angular momentum recoupling coefficients with the arbitrary number of the angular momenta can be written explicitly in terms of the Clebsch-Gordan expansion. This can be illustrated with the following example: (9) where j 1 , j 2 , and j 3 are the intermediate angular momenta which can, in principle, be coupled to the total angular momentum j in any other way, different to that in the bra-and ket-vectors in the above expression. In our case the orthogonality condition takes the form (10) 
